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THE FUNDAMENTAL GROUP OF G-MANIFOLDS
HUI LI
Abstract. Let G be a connected compact Lie group, and let M be a
connected Hamiltonian G-manifold with equivariant moment map φ.
We prove that if there is a simply connected orbit G·x, then pi1 (M) ∼=
pi1 (M/G); if additionally φ is proper, then pi1 (M) ∼= pi1
(
φ−1(G · a)
)
,
where a = φ(x).
We also prove that if a maximal torus of G has a fixed point x,
then pi1 (M) ∼= pi1 (M/K), where K is any connected subgroup of G; if
additionally φ is proper, then pi1 (M) ∼= pi1
(
φ−1(G · a)
)
∼= pi1
(
φ−1(a)
)
,
where a = φ(x).
Furthermore, we prove that if φ is proper, then pi1
(
M/Ĝ
)
∼= pi1
(
φ−1(G·
a)/Ĝ
)
for all a ∈ φ(M), where Ĝ is any connected subgroup of G which
contains the identity component of each stabilizer group. In particular,
pi1 (M/G) ∼= pi1
(
φ−1(G · a)/G
)
for all a ∈ φ(M).
1. Introduction
Let M be a smooth manifold. Let a connected compact Lie group G act
on M . We call M a G-manifold.
Let (M,ω) be a symplectic manifold. Assume that a connected compact
Lie group G acts on M with moment map φ : M → g∗, where g∗ is the
dual of the Lie algebra of G. In this case, we call (M,ω) a Hamiltonian
G-manifold. We will always assume that φ is equivariant with respect to
the G action, where G acts on g∗ by the coadjoint action. Given a value a
in g∗, the space Ma = φ
−1(G · a)/G is called the symplectic quotient or
the reduced space at the coadjoint orbit G ·a. If Ga is the stabilizer group
of a under the coadjoint action, then we also have that Ma = φ
−1(a)/Ga.
In this paper, unless otherwise stated, G always denotes a connected
compact Lie group, im(φ) means the image of φ, and fundamental group
always means the fundamental group of a space as a topological space.
For a compact Hamiltonian G-manifold M , we proved the following re-
sults, which combine Theorem 0.1 in [13] and Theorems 1.2, 1.3 and 1.6 in
[14].
Theorem 1.1. Let (M,ω) be a connected compact Hamiltonian G-manifold
with moment map φ, where G is a connected compact Lie group. Then
π1 (M) ∼= π1 (M/G) ∼= π1 (Ma) for all a ∈ im(φ).
Key words and phrases. Symplectic manifold, fundamental group, Hamiltonian group
action, moment map, symplectic quotient.
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Here is a counter example to Theorem 1.1 when M is not compact.
Example 1.2. Let M = S1 × R, and let S1 rotate the first factor; then
the moment map is the projection to the second factor R. We have that
π1
(
M/S1
)
∼= π1 (Ma) ≇ π1 (M) for all a ∈ im(φ).
In this paper, we study the fundamental group of noncompact Hamilton-
ian G-manifolds. We assume that the moment map is proper. A map is
proper if the inverse image of each compact set is compact. Clearly, the
moment map of a compact Hamiltonian G-manifold is proper. The study
of the noncompact case, which requires new approaches, makes the reasons
for the isomorphisms of the fundamental groups more clear.
LetM be a Hamiltonian G-manifold. IfM is compact, the components of
the moment map have minima and maxima. These allowed us to associate
the fundamental group ofM to that of a symplectic quotient at an extremal
value (see the outline of proof for more detail.). Without assuming that M
is compact, we study the induced map by the quotient π1 (M)→ π1 (M/G)
and obtain the following two theorems. In particular, we are able to show
that this map is an isomorphism if there exists a simply connected orbit
(compare with Example 1.2). While for compact M , the extrema of the
components of the moment map provide a lot of simply connected orbits.
Theorem 1.3. Let (M,ω) be a connected Hamiltonian G-manifold with an
equivariant moment map φ, where G is a connected compact Lie group.
(A) If there is a simply connected orbit, then π1 (M) ∼= π1 (M/G) .
(B) If φ is proper and if there is a simply connected orbit G · x, then
π1 (M) ∼= π1
(
φ−1(G · a)
)
, where a = φ(x).
Theorem 1.4. Let (M,ω) be a connected Hamiltonian G-manifold with an
equivariant moment map φ, where G is a connected compact Lie group.
(A) If a maximal torus of G has a fixed point, then π1 (M) ∼= π1 (M/K),
where K is any connected subgroup of G.
(B) If φ is proper and if a maximal torus of G has a fixed point x, then
π1 (M) ∼= π1
(
φ−1(G · a)
)
∼= π1
(
φ−1(a)
)
, where a = φ(x).
Next, we consider the fundamental groups of the different quotients. If
M is compact, a maximal torus of G has to have a fixed point; so G is
the only subgroup which contains all the stabilizer groups. If M is not
compact, as Example 1.2 shows, the above fact may not be true. Our next
result extends the statement that π1 (M/G) ∼= π1 (Ma) for all a ∈ im(φ) for
compact manifolds to non-compact ones with proper moment maps.
Theorem 1.5. Let (M,ω) be a connected Hamiltonian G-manifold with a
proper equivariant moment map φ, where G is a connected compact Lie
group. Let Ĝ be any connected subgroup of G which contains the identity
component of each stabilizer group. Then π1
(
M/Ĝ
)
∼= π1
(
φ−1(G ·a)/Ĝ
)
for
all a ∈ im(φ). In particular, π1
(
M/G
)
∼= π1
(
Ma
)
for all a ∈ im(φ).
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When im(φ) consists of regular values, all the stabilizer groups are finite.
We have the following corollary of Theorem 1.5.
Corollary 1.6. Let (M,ω) be a connected Hamiltonian G-manifold with
a proper equivariant moment map φ, where G is a connected compact Lie
group. If im(φ) consists of regular values, then π1(M) ∼= π1
(
φ−1(G · a)
)
for
all a ∈ im(φ).
Remark 1.7. In Theorems 1.3, 1.4, and 1.5, where the properness of φ is
assumed, if we replace the properness by the assumption that φ is proper
as a map onto its image, the same results still hold. The reason for this is
in our proofs of the theorems, we only need that φ has a local properness
property.
Remark 1.8. All our isomorphisms of fundamental groups are natural ones.
They are induced either by quotient of a group, or by natural deformations
in the space, or by inclusion of a subset in a space, where in the last case
the isomorphism may not be direct — it may be obtained by transitivity
of isomorphisms. To avoid wordy statements, we do not explicitly state the
maps in the theorems.
In the case when M is a Hamiltonian S1-manifold with a proper moment
map, using Morse theory, Godinho and Sousa-Dias proved that if the circle
action has a fixed point, then π1(M) ∼= π1(Ma) for all a ∈ im(φ) [9].
Now, we give a brief description of the ideas of proofs and compare them
with those for compact manifolds.
Let us first recall the proof of Theorem 1.1 for compact M . In this case,
im(φ) is compact, its intersection with a closed positive Weyl chamber is a
convex polytope (Theorem 2.1). Let b be a boundary vertex furthest from
the origin on the polytope, then φ−1(b) is a fixed set of Gb, where Gb is
the stabilizer group of b under the coadjoint action (see Lemma 6.14 in [14].
Note that Gb contains a maximal torus of G). Hence
π1
(
φ−1(b)
)
∼= π1(Mb).
Moreover, φ−1(b) is the minimum of the moment map of a circle subgroup
action. By arguments using Morse-Bott theory ([13]) for Hamiltonian circle
actions, we have
π1(M) ∼= π1
(
φ−1(b)
)
.
These together give the isomorphism
(1.9) π1(M) ∼= π1(Mb), where b is a boundary value.
Next, using local equivariant diffeomorphism, local equivariant deformation
retraction, and a removing process, we proved that, if a and a′ are any two
nearby values of φ, then
(1.10) π1(Ma) ∼= π1(Ma′).
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Finally, applying the same idea of removing and deformation retraction al-
ternately on the global space M/G, we proved that there exists a value c
such that
(1.11) π1(M/G) ∼= π1(Mc).
Theorem 1.1 follows from (1.9), (1.10) and (1.11). The hard part of the
proof for compact manifolds is the proof of (1.10) and (1.11).
If we do not assume that M is compact, then the image of φ may not
be compact. The proof of (1.9) does not apply. In this paper, we take
a new point of view. First, let us mention that the method of deforming
and removing we used to prove (1.10) and (1.11) applies to the proof of
Theorem 1.5. For a more general subgroup Ĝ ⊂ G as in Theorem 1.5, we
make a key observation on the links of the quotient strata to be removed
from quotient stratified spaces (Lemmas 7.2 and 7.7). These observations
make the removing process to work.
For a noncompact Hamiltonian G-manifold M , without the extrema of
the components of the moment map, looking at the relation between π1(M)
and π1 of the different quotients is the most different part of the study. Our
idea is to look at the following induced map of the quotient map
(1.12) π1 (M)→ π1 (M/G) .
Since G is connected, (1.12) is surjective. Note that if π1(M) = 1, then
(1.12) is an isomorphism. More generally, (1.12) may not be injective. We
will show that for any G-manifold M , if there exist “enough” simply con-
nected orbits, then (1.12) is injective (Proposition 3.2). If M is a compact
Hamiltonian G-manifold, due to the existence of the extrema of the compo-
nents of the moment map, there are enough simply connected orbits. In this
paper, we succeed in proving that for a Hamiltonian G-manifold M , (1.12)
is injective when there exists one simply connected orbit. This is the proof
of Theorem 1.3 (A). This last point is a special property for Hamiltonian
G-manifolds (see Example 3.3 for a counter example).
Now, we mention a point for the proof of Theorem 1.4 (A). When M is
compact, stabilizer groups which contain a maximal torus of G exist. This
allowed us to prove (1.9). To use this criterion for noncompact manifolds,
we will show that in a G-manifold, if there exists a point x whose stabilizer
group contains a maximal torus of G, then the orbit G·x is simply connected.
In particular, this is new when the stabilizer group is not connected.
To prove Theorems 1.3 (B) and 1.4 (B), we use part (A) of the corre-
sponding theorem and Theorem 1.5.
Now we give a brief outline of the paper. In Section 2, we set up the tools
needed for later sections. In Section 3, we study G-manifolds which have
at least one simply connected orbit. In Section 4, we study Hamiltonian G-
manifolds which have one simply connected orbit. Sections 3 and 4 are the
heart part towards proving Theorems 1.3 (A) and 1.4 (A). In Section 5, we
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prove Theorem 1.3; and in Section 6, we prove Theorem 1.4. In Section 7,
we prove Theorem 1.5.
Acknowledgment. This work was partially supported by the Postdoctoral
fellowship of the Regional de Bourgogne. This paper was completed and
revised during my research visits of the Ihes and the Chern Institute. I
thank the institutes for the visiting opportunity and support.
2. Hamiltonian G-manifolds, G-manifolds, and the fundamental
group of a quotient
This section consists of three subsections. First, we restrict attention to
Hamiltonian G-manifolds — we review a few theorems on Hamiltonian G-
manifolds which will be useful for our proofs. Next, we consider G-manifolds
— we review stratified spaces and state a lemma on removing strata from
stratified spaces. Our proof of Theorem 1.5 relies on this lemma since the
quotients are in general stratified spaces. Finally, we consider an action of
a group K, which may not be connected, on a more general space X (which
may not be a smooth manifold), and we state a theorem by Armstrong on
π1(X/K).
2.1. Hamiltonian G-manifolds.
We first recall the connectivity and convexity theorem.
A subset △ of a vector space V is polyhedral if it is the intersection of
finitely many closed half spaces, and is locally polyhedral if for each point
x ∈ △, there is a neighborhood O of x in V and a polyhedral set P in V
such that O ∩△ = O ∩ P .
Theorem 2.1. ([2], [6], [10] and [12]) Let (M,ω) be a connected Hamilton-
ian G-manifold with proper moment map φ, where G is a connected compact
Lie group. Let t∗+ be a fixed closed positive Weyl chamber of g
∗. Then
(1) for each coadjoint orbit O in the image of φ, φ−1(O) is connected;
(2) the set φ(M)∩t∗+ is a convex locally polyhedral set, and it is a convex
polytope if M is compact.
If G = T is abelian, φ(M) ∩ t∗+ = φ(M). It is a convex locally polyhedral
set; it consists of faces with different dimensions. These faces are caused
by different dimensional stabilizer groups of the action, and they can be in
the interior or on the boundary of φ(M). A connected open face is called
a chamber. By quotienting out a subtorus which acts trivially, we can
assume that the action is effective, and hence there is an open face. If G
is nonabelian, φ(M) may intersect with different faces of t∗+. One should
distinguish the two notions of faces.
For a Hamiltonian G-manifold with a proper moment map, we can do
local deformation retractions as follows.
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Theorem 2.2. ([17], [11]) Let (M,ω) be a connected Hamiltonian G-manifold
with proper moment map φ, where G is a connected compact Lie group. If
0 ∈ im(φ), then there exists a G-invariant open neighborhood of φ−1(0)
which G-equivariantly deformation retracts to φ−1(0).
The local normal form theorem below gives us a description up to iso-
morphism a neighborhood of an isotropic orbit in M . An orbit is isotropic
if the restriction of the symplectic form to it vanishes. When an abelian
group T acts on M , each orbit is isotropic. We will use this local model to
compute the links of the strata in quotient stratified spaces.
Theorem 2.3. ([15], [8]) Let (M,ω) be a symplectic manifold with a Hamil-
tonian connected compact Lie group G action. Let p ∈ M be a point such
that the orbit G · p is isotropic. Let H be the stabilizer group of p. Then a
neighborhood of the orbit G · p in M is equivariantly symplectomorphic to
G×H (h
◦ × V ), where h◦ is the annihilator of h =Lie(H) in g∗ on which H
acts by the coadjoint action, and V is a complex vector space on which H
acts linearly and symplectically.
The G action on this local model is g1 · [g, a, v] = [g1g, a, v], and the
moment map is φ([g, a, v]) = Ad∗(g)(φ(p) + a + ψ(v)), where ψ(v) is the
moment map for the H action on V .
Next, we introduce the cross section theorem. In the case when G is
nonabelian, given a G orbit G · x, it may not be isotropic. But if a = φ(x),
and if Ga is the stabilizer group of a, then the orbit Ga · x is isotropic in a
“cross section”, a symplectic submanifold of M .
Definition 2.4. Suppose that a group G acts on a manifold M . Given a
point m in M with stabilizer group Gm, a submanifold Um ⊂M containing
m is a slice at m if Um is Gm-invariant, G · Um is a neighborhood of m,
and the map
G×Gm Um → G · Um, [g, u] 7−→ g · u is an isomorphism.
For instance, consider the coadjoint action of G = SU(2) or SO(3) on
R3 =Lie∗(G). For a ∈ R3, a 6= 0, there is a unique ray Ia connecting 0 and
a; the open ray I◦a = Ia − 0 is a slice at a. If a = 0, then a slice at 0 is R
3.
More generally, consider the coadjoint action of a connected compact Lie
group G on g∗. Fix a closed positive Weyl chamber t∗+, without loss of gen-
erality, take a ∈ t∗+. Let τ ⊂ t
∗
+ be the open face of t
∗
+ containing a and
let Ga be the stabilizer group of a. Since all the points on τ have the same
stabilizer group, we also use Gτ to denote Ga. Then the natural slice at a
is Ua = Ga · {b ∈ t
∗
+ |Gb ⊂ Ga} = Ga ·
⋃
τ⊂τ ′ τ
′, and it is an open subset of
g∗τ = g
∗
a.
The following cross section theorem is due to Guillemin and Sternberg.
(Theorem 26.7 in [7]; for the following version, see Corollary 2.3.6 in [5].)
THE FUNDAMENTAL GROUP OF G-MANIFOLDS 7
Theorem 2.5. Let (M,ω) be a symplectic manifold with a moment map
φ : M → g∗ arising from an action of a compact connected Lie group G.
Let a be a point in g∗ and let Ua be the natural slice at a. Then the cross
section R = φ−1(Ua) is a Ga-invariant symplectic submanifold of M , where
Ga is the stabilizer group of a. Furthermore, the restriction φ|R is a moment
map for the action of Ga on R.
The highest dimensional face τP of t∗+ which intersects the image of φ is
called the principal face. Let UτP be the slice at τ
P . The cross section
φ−1(UτP ) is called the principal cross section. The maximal torus of
G acts on the principal cross section (but not necessarily effectively, see
Theorem 3.1 in [12]).
We will use the cross section theorem in the following two ways:
• If a ∈ im(φ)∩ τ for some face τ ⊂ t∗+, then τ lies on the central dual
Lie algebra of Ga, so the Ga-orbits in R = φ
−1(Ua) are isotropic
orbits; then we can use the local normal form theorem in the cross
section R to describe a neighborhood of a Ga-orbit.
• Assume that the moment map φ is proper. If a ∈ im(φ)∩ τ , then by
Theorem 2.2, there exists a Ga-invariant neighborhood of φ
−1(a) in
R which Ga-equivariantly deformation retracts to φ
−1(a). By equiv-
ariance of φ, there exists a G-invariant neighborhood N of φ−1(G ·a)
in M which G-equivariantly deformation retracts to φ−1(G · a).
2.2. G-manifolds and stratified spaces.
Let G, a connected compact Lie group, act on a smooth manifold M ,
the quotient space M/G is a stratified space ([4]). If (M,ω) is a symplectic
manifold and the G action is Hamiltonian, then the symplectic quotients are
stratified spaces ([16]).
Let X be a Hausdorff and paracompact topological space and let J be a
partially ordered set with order relation denoted by ≤. A J -decomposition
of X is a locally finite collection of disjoint, locally closed manifolds Si ⊂ X
(one for each i ∈ J ) called pieces such that X = ∪i∈JSi, and that Si∩Sj 6=
∅ ⇔ Si ⊂ Sj ⇔ i ≤ j. We call the space X a J -decomposed space.
A stratified space is defined recursively as follows. A decomposed space
X is called a stratified space if the pieces of X, called strata, satisfy the
following condition: Given a point x in a piece S (connected), there exist an
open neighborhood U˜ of x in X, an open ball B around x in S, a compact
stratified space L, called the link of x, and a homeomorphism
ϕ : B ×
◦
CL→ U˜
that preserves the decompositions. Here,
◦
CL is the space obtained by col-
lapsing the boundary L× 0 of the half open cylinder L× [0,∞) to a point.
We also call the link of x the link of S.
For a smooth manifold M , if N is a closed submanifold of M , by the
tubular neighborhood theorem, a neighborhood of N in M is diffeomorphic
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to a neighborhood of the normal bundle E of N in M . If the fiber of
the sphere bundle S(E) of N is connected and simply connected, i.e., if the
codimension of N is bigger than or equal to 3, by the Van-Kampen theorem,
π1(M) ∼= π1(M −N). For a stratified space X, the link of a stratum S plays
the role of the fiber of the sphere bundle of a submanifold (in a smooth
manifold). Using the Van-Kampen theorem, we can prove the following
lemma. May see Lemma 2.3 in [14] for a proof.
Lemma 2.6. Let X be a stratified space. Let S be a connected closed stra-
tum of X whose link is connected and simply connected. Then π1(X) ∼=
π1 (X − S).
2.3. A theorem on the fundamental group of a quotient.
When a group K which may not be connected act on a space, we have the
following theorem by Armstrong on the fundamental group of the quotient.
We will use this theorem in Sections 3 and 7.
Theorem 2.7. ([1]) Let K be a compact Lie group acting on a compact
path connected and simply connected metric space X. Let H be the smallest
normal subgroup of K which contains the identity component of K and all
those elements of K which have fixed points. Then π1(X/K) ∼= K/H.
3. G-manifolds which have a simply connected orbit
In this section, we study G-manifolds. We first find a criterion on judg-
ing injectivity of the map π1(M)→ π1 (M/G) induced by the quotient and
prove Lemma 3.1. Then we use this to prove that if there are “enough” sim-
ply connected orbits, then the map π1(M)→ π1 (M/G) is an isomorphism.
Finally, we prove that if there exists a stabilizer group which contains a
maximal torus of G, then there exists a simply connected orbit.
Let M be a connected smooth G-manifold. Let H be a subgroup of G,
and let (H) be the subgroups of G conjugate to H. Denote M(H) = {x ∈
M |Gx ∈ (H)}. The set M(H), if nonempty, is a submanifold of M , and we
call it the (H)-orbit type or the (H)-isotropy type. The manifold M(H)
may not be connected. We denoteM(H),c as a connected component ofM(H).
There is a connected open dense orbit type inM , called the principal orbit
type, denoted MP . If M(H) ⊂ M(H′), then (H) ⊇ (H
′). Clearly, for each
orbit type M(H), M(H) ⊂MP . In each M(H),c, by the slice theorem, M(H),c
is a locally trivial fibration over M(H),c/G with fiber G/H; hence the orbits
in the same M(H),c are homotopic. If M(H),c ⊂ M(H′),c, then there is a
natural deformation map from an orbit in M(H′),c to an orbit in M(H),c by
going to the closure.
Lemma 3.1. Let M be a connected smooth G-manifold. Then the map
π1(M) → π1 (M/G) induced by the quotient is injective if and only if for
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each point x¯ ∈M/G, [α˜x] = 1 ∈ π1(M), where α˜x is any loop which is a lift
of the trivial loop x¯.
Proof. The only if part is clear.
Now, we assume that for each point x¯ ∈ M/G, [α˜x] = 1 ∈ π1(M), where
α˜x is any loop which is a lift of the trivial loop x¯. Let α be any loop in
M/G such that [α] = 1 ∈ π1 (M/G). Let α˜ ⊂ M be a lifted loop of α. We
want to show that [α˜] = 1 ∈ π1(M). Since [α] = 1 ∈ π1 (M/G), the loop α
bounds a disk. We triangulate the disk into small disks which are bounded
by small loops αi’s, where i = 1, 2, . . . , k, such that the lift α˜i of each αi lies
in a small neighborhood Ni of an orbit Oi. Assume that each Ni is small
enough so that it deformation retracts to Oi; so α˜i is homotopic to a loop
α˜′i in Oi. Since by our assumption [α˜
′
i] = 1 ∈ π1(M), [α˜i] = 1 ∈ π1(M), i.e.,
α˜i bounds a disk in M . Since this is true for all the α˜i’s, α˜ bounds a disk
in M . 
Proposition 3.2. Let M be a connected smooth G-manifold. If each con-
nected component of each orbit type contains a simply connected orbit in
its closure, then the quotient map induces an isomorphism on π1, i.e.,
π1(M) ∼= π1 (M/G) .
Proof. Since G is connected, we have a surjection π1(M)։ π1 (M/G) .
Now we prove injectivity. Let x¯ ∈ M/G be a trivial loop. Let α˜x be a
loop in M which is a lift of x¯. Then α˜x lies in a G-orbit, say Ox. Assume
Ox is in a connected component M(H),c of an orbit type M(H). We can
deform α˜x through orbits in M(H),c to a loop α˜
′
x which lies in an orbit
O′x, where O
′
x ⊂ M(H′) ⊂ M(H) and M(H′) is in the “direct” closure of
M(H). We continue deforming the loop α˜
′
x as above inside M(H), c until we
get a loop α˜sx which lies in a simply connected orbit O
s
x ⊂ M(H), c. Since
π1 (O
s
x) = 1, [α˜x] = [α˜
′
x] = · · · = [α˜
s
x] = 1 ∈ π1(M). Now injectivity follows
from Lemma 3.1. 
Here is a counter example to Proposition 3.2.
Example 3.3. Consider the effective S1 action on RP2 induced from the
standard S1 action on S2. There are 3 orbit types: the principal orbit type
which consists of free orbits, one fixed point, and an orbit which has Z2 as
stabilizer. The Z2 orbit type does not have a simply connected orbit in its
closure. We have π1
(
RP2
)
≇ π1
(
RP2/S1
)
.
Next, we prove that the orbit G · x is simply connected if x is fixed by a
maximal torus.
Proposition 3.4. Let M be a connected smooth G-manifold. If x is a fixed
point of a maximal torus of G, then the orbit G · x is simply connected.
Proof. Let H be the stabilizer of x, then by the assumption, T ⊆ H, where
T is a maximal torus of G. First, we have G · x ≈ G/H.
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Assume first that H is connected. Since we have a surjection (see for
example Theorem 7.1 in [3])
π1(T )։ π1(G),
we have a surjection
π1(H)։ π1(G).
Then by the homotopy exact sequence of the fibration H
ι
→֒ G→ G/H
· · · → π1(H)→ π1(G)→ π1 (G/H)→ π0(H) = 1→ · · · ,
we get π1 (G/H) = 1.
Now assume that H is not connected. Let H0 be the identity component
of H. By the argument above, π1
(
G/H0
)
= 1. The finite group H/H0 acts
on G/H0, and G/H =
(
G/H0
)
/(H/H0). Let h be any representative in
H/H0. Then h is an element of some maximal torus of G. Since T ⊆ H0,
there exists g ∈ G such that h ∈ gH0g−1. Let h = gh0g−1, where h0 ∈ H0.
Then h · (gH0) = gh0g−1gH0 = gH0, i.e., gH0 is a fixed point of h. Since
each element in H/H0 has a fixed point in G/H0, by Theorem 2.7 (for the
H/H0 action on G/H0), we get π1 (G/H) = 1. 
4. Hamiltonian G-manifolds which have a simply connected
orbit
In this section, we consider Hamiltonian G-manifolds. We will show that
for a Hamiltonian G-manifold M , we can improve the condition in Propo-
sition 3.2 (for G-manifolds) to the condition that there exists one simply
connected orbit to make the isomorphism π1(M) ∼= π1(M/G) to hold.
Recall Example 3.3, in which we have an S1-manifold M , the orbits do
not represent the same element in π1(M). For a Hamiltonian S
1-manifold
M , we have the following observation, which is a key step in improving the
condition in Proposition 3.2.
Lemma 4.1. Let M be a connected Hamiltonian S1-manifold. Then all S1
orbits are homotopic, i.e., they represent the same element in π1(M).
Proof. Let O be an S1-orbit. If O is a fixed point, since it is in the closure
of the generic orbit type, O is homotopic to any generic orbit.
Now assume O ⊂ MZk,c ⊂ MZk . We will show that O is homotopic to
a generic orbit. This is trivial if O is a generic orbit. Now assume O is
not generic, or Zk is not the generic stabilizer. By the local normal form
theorem, a neighborhood of O in M is isomorphic to A = S1 ×Zk
(
R ×
V
)
= S1 ×Zk
(
R × V H × W
)
∼= S1 ×Zk
(
R × V H × C × · · · × C
)
, where
Zk acts on R trivially, V is a symplectic representation of Zk, V H is the
subspace of V fixed by Zk, and W ∼= C × · · · × C is its complementary
subspace in V . We have AZk = S
1 ×Zk
(
R × V H
)
. The group Zk acts
on each copy C of W as a subgroup of S1, so C/Zk is homeomorphic to
C. So A′ = S1 ×Zk
(
R × V H × C/Zk × · · · × C/Zk
)
is homeomorphic to
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A = S1 ×Zk
(
R × V H × C × · · · × C
)
. In both A and A′, O = S1 ×Zk 0.
Each point in A′ = S1 ×Zk
(
R × V H × C/Zk × · · · × C/Zk
)
is fixed by Zk.
Clearly in A′, O is homotopic to any S1 orbit, in particular to any orbit
which comes from a generic orbit in A. We lift the homotopy to A (through
the homeomorphism) to get a homotopy from O to a generic orbit. 
A direct consequence of Lemma 4.1 is that in a Hamiltonian S1-manifold,
if the S1 action has a fixed point, then all the S1-orbits are homotopically
trivial. More generally, we have the following result.
Lemma 4.2. Let M be a connected Hamiltonian G-manifold. Assume there
is a simply connected orbit, then each loop in each orbit is homotopically
trivial in M .
Proof. Let α be a loop contained in an orbit O. If O is simply connected,
then α is trivial inside O. If O is in a connected component M(H),c of an
orbit type M(H), and the closure of M(H),c contains the simply connected
orbit, then we can deform α through orbits in M(H),c to a loop α
′ in the
simply connected orbit, so [α] = [α′] = 1.
Now, assumeO is in a connected componentM(H),c of an orbit typeM(H),
and the closure of M(H),c does not contain the simply connected orbit. By
Proposition 3.4, H ( T , where T is a maximal torus of G. Moreover, H
is not the generic stabilizer, and the generic stabilizer (H ′) ( (H) ( (T ).
Take x ∈ O such that its stabilizer is H. Let OT = T · x be the T orbit.
Then O fibers over G/T with fiber OT , and hence π1 (OT )։ π1 (O). So α is
homotopic to a loop β in OT . Since we can split T into a product of circles
and the loops in OT are generated by the circles in T/H ≈ OT , we may
assume that β is an S1 ⊂ T/H orbit (or a multiple of it) and consider the
S1 action. By Lemma 4.1 for the S1 action, β is homotopic to an S1-orbit
β′ which is contained in T/H ′ and hence contained in a generic G-orbit.
Since the simply connected G-orbit is in the closure of the generic orbit
type, we can deform the loop β′ to a loop in the simply connected G-orbit.
So [α] = [β] = [β′] = 1. 
Proposition 4.3. Let M be a connected Hamiltonian G-manifold. Assume
that there exists a simply connected orbit. Then the quotient map induces
an isomorphism on π1, i.e., π1(M) ∼= π1 (M/G) .
Proof. Since G is connected, we have a surjection π1(M)։ π1 (M/G) .
Injectivity of the map follows from Lemmas 3.1 and 4.2. 
5. Proof of Theorem 1.3
Theorem 1.3 (A) is Proposition 4.3.
Theorem 1.3 (B) follows from Theorem 1.5 with Ĝ = G, Theorem 1.3 (A)
and the lemma below.
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Lemma 5.1. Let M be a connected Hamiltonian G-manifold with proper
equivariant moment map φ. Assume there is a simply connected orbit G · x.
Then
π1
(
φ−1(G · a)
)
∼= π1 (Ma) , where a = φ(x).
Proof. By Theorem 2.2, there is an open invariant neighborhood N of
φ−1(G · a) in M which equivariantly deformation retracts to φ−1(G · a). By
Proposition 4.3, π1 (N ) ∼= π1 (N/G) which is equivalent to π1
(
φ−1(G · a)
)
∼=
π1 (Ma) . 
6. Proof of Theorem 1.4
When a maximal torus of G has a fixed point, there is a simply connected
orbit by Proposition 3.4. Besides Lemma 5.1, we have Lemma 6.1.
Lemma 6.1. Let M be a connected Hamiltonian G-manifold with proper
equivariant moment map φ. If a maximal torus of G has a fixed point x,
then π1
(
φ−1(a)
)
∼= π1(Ma), where a = φ(x).
Proof. Let τ be the face of t∗+ such that a ∈ τ . Let Ga be the stabilizer
group of a. Consider the Ga action on the cross section R
τ . Then x ∈ Rτ
is a fixed point of a maximal torus of Ga. By Proposition 3.4, the orbit
Ga · x is simply connected. Now the claim follows from Lemma 5.1 for the
Ga action on R
τ . 
Proof of Theorem 1.4. (A). Let T ⊂ G be the maximal torus of G which
fixes x. Let K ⊂ G be a connected subgroup. Then there is g ∈ G such that
K∩gTg−1 is a maximal torus of K which fixes g ·x. By Proposition 3.4, the
K action has a simply connected orbit. Moreover, a Hamiltonian G-manifold
is a Hamiltonian K-manifold. Then Theorem 1.3 (A) gives
π1(M) ∼= π1 (M/K) .
(B). By Proposition 3.4, the G action has a simply connected orbit G · x.
Lemmas 5.1 and 6.1, Theorem 1.5 with Ĝ = G, and Theorem 1.4 (A) with
K = G then imply
π1(M) ∼= π1
(
φ−1(G · a)
)
∼= π1
(
φ−1(a)
)
.

7. Proof of Theorem 1.5
The method of removing and deforming we used in [14] to prove
π1(M/G) ∼= π1(Ma) for all a ∈ im(φ)
for compact manifold M can be used in more generality. The method in-
volves local deformation retractions as stated in Theorem 2.2, which relies
on the properness of φ. The method also involves removing certain strata
from quotient stratified spaces. If the links of these strata are connected and
simply connected, we can use Lemma 2.6 to do removing. The computation
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of the links of the strata to be removed uses the local normal form theorem
and the cross section theorem. The proof of the one-connectedness of the
links uses the property of the coadjoint action and the normal representa-
tions of the orbit types from which the strata came.
The proof of Theorem 1.5 consists of a few steps. We first prove that all
the quotients φ−1(G · a)/Ĝ’s have isomorphic fundamental group, and then
we prove that the fundamental group of M/Ĝ is isomorphic to that of a
particular quotient.
7.1. Proof of Theorem 1.5 for G = T .
In this subsection, we prove Theorem 1.5 for G = T , where T is a con-
nected compact torus. For G = T , Lemma 7.2 is the key observation which
makes the removing process work.
First, we have Lemma 7.1 for all regular values in the same chamber.
Lemma 7.1. Let (M,ω) be a connected Hamiltonian T -manifold with mo-
ment map φ. Let T ′ ⊂ T be a connected subgroup. Then for all values a’s
in one connected chamber of im(φ), π1
(
φ−1(a)/T ′
)
’s are isomorphic.
Proof. This is because for all values a’s in one connected chamber of im(φ),
φ−1(a)’s are T -equivariantly diffeomorphic. 
Lemma 7.2. Let (M,ω) be a connected Hamiltonian T -manifold with proper
moment map φ. Let T̂ ⊂ T be a connected subgroup which contains the
identity component of each stabilizer group. Let F be a singular face on
im(φ). Let U be the closure of one open connected chamber U such that
F ⊂ U . Let N be M or be φ−1(U). For each orbit type MH such that
MH ∩ φ
−1(F) 6= ∅, let L′H be the link of
(
MH ∩ φ
−1(F)
)
/T̂ in N/T̂ , and
let LH be the link of
(
MH ∩ φ
−1(F)
)
/T in N/T . Then L′H is connected
and simply connected whenever LH is; and in particular, when H ⊆ T̂ ,
L′H = LH .
Proof. Let us prove the claims for N = M . Let p ∈ M be a point with
stabilizer H such that φ(T · p) ∈ F . By Theorem 2.3, a neighborhood of
the (isotropic) orbit T · p in M is isomorphic to A = T ×H (h
◦ × V ) =
T ×H (h
◦ ×W × V H), where h =Lie(H), h◦ is its annihilator in t∗, V is a
symplectic representation of H, V H is the subspace of V fixed by H and
W is such that V = W ⊕ V H . The moment map φ on A is φ([t, a, w, v]) =
φ(p) + a + ψ(w), where ψ is the moment map of the H action on W . We
obtain AH ∩ φ
−1(F) = T ×H (Rm × 0× V H), where Rm ⊂ h◦ is a subspace
which is mapped to F . Let Rl be the subspace such that h◦ = Rl ⊕Rm (H
acts on h◦ by the trivial coadjoint action).
First note that
(
AH ∩ φ
−1(F)
)
/T = Rm × 0 × V H , and that A/T =
h◦ × V H × W/H. So LH = S(Rl × W )/H, where S(Rl × W ) denotes a
sphere of the vector space Rl ×W .
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If H ⊆ T̂ , then
(
AH ∩ φ
−1(F)
)
/T̂ = T/T̂ × Rm × 0 × V H , and A/T̂ =
T/T̂ × h◦ × V H ×W/H. So L′H = S(R
l ×W )/H. So in this case, L′H is
connected and simply connected when LH is.
IfH ⊆ T̂ except for a finite subgroup Γ, then
(
AH∩φ
−1(F)
)
/T̂ = T/T̂×H(
Rm × 0× V H
)
= T/T̂×Γ
(
Rm×V H
)
, and A/T̂ = T/T̂×H
(
h◦×V H×W
)
=
(T/T̂ × Rm × V H)×Γ
(
(Rl ×W )/(H ∩ T̂ )
)
. So L′H = S(R
l ×W )/(H ∩ T̂ ).
Note that H ∩ T̂ leaves out finitely many elements of H. If LH is connected
and simply connected, by the same criteria of the proof (see our outline of
proof of Lemma 7.3), L′H is connected and simply connected.
We can similarly prove the claims for N = φ−1(U). See the proof of
Lemma 3.8 in [14] for the computation of LH in this case and argue similarly
as above. 
For the link LH in Lemma 7.2, in [14], we proved the following facts (see
the proof of Lemmas 7.20 and 3.8 in [14]). Here, for clarity, we outline the
ideas of their proof.
Lemma 7.3. Let LH be as in Lemma 7.2.
(1) When N = M , if MH is not principal, then LH is connected and
simply connected.
(2) When N = φ−1(U), LH is always connected and simply connected.
Outline of proof. By the computations in [14] (also see the proof of Lemma 7.2
for the case when N =M),
LH = S
(
Rl ×W
)
/H when N =M ;
LH = S
(
(R+)l ×W ∩ ψ−1(U)
)
/H when N = φ−1(U).
Here, Rl ⊂ t∗ is a linear subspace on which H acts by the trivial coadjoint
action, (R+)l is the product of the corresponding nonnegative real lines, and
Rl = 0 if and only if H is the highest dimensional stabilizer group of the
points in φ−1(F); and W is a symplectic representation of H with moment
map ψ, W = 0 if and only if H is the principal stabilizer.
(1) Consider LH for the case N = M . Assume H is not the principal
stabilizer, then W 6= 0. Consider the following two cases. Case (a), when
Rl 6= 0, S
(
Rl ×W
)
is connected and simply connected. Since H acts on
Rl trivially, by Theorem 2.7, LH is connected and simply connected. Case
(b), when Rl = 0, then H is the highest dimensional stabilizer of the points
in φ−1(F). Since F is a singular face, dim(H) > 0. If H0 is the identity
component ofH, H0 has to act onW nontrivially. If dim(W ) = 2, S(W )/H0
is a single point; otherwise, S(W ) is connected and simply connected and
hence so is S(W )/H0. Let H = H0 × Γ. Then Γ acts on S(W )/H0. Since
Γ acts on W as a finite subgroup of T , each element in Γ has a fixed point
in S(W )/H0, so
(
S(W )/H0
)
/Γ = S(W )/H = LH is connected and simply
connected by Theorem 2.7.
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(2) Consider LH for the case N = φ
−1(U). If H is the principal stabilizer,
then W = 0, and S
(
(R+)l
)
is connected and simply connected, and hence
so is LH . Now, we assume W 6= 0. Let H
0 be the identity component of
H. Lemmas 3.9 and 3.10 in [14] show that S
(
(R+)l × W ∩ ψ−1(U )
)
/H0
is connected and simply connected. Similar argument as in (1) for the
finite group H/H0 action on S
(
(R+)l ×W ∩ψ−1(U)
)
/H0 shows that LH is
connected and simply connected. 
Next, we aim to prove Lemma 7.5. We first do the necessary removing in
Lemma 7.4.
Lemma 7.4. Let (M,ω) be a connected Hamiltonian T -manifold with proper
moment map φ. Let T̂ ⊂ T be a connected subgroup which contains the
identity component of each stabilizer group. Let c be a singular value, and
let a be a regular value very near c. Let O be a small open neighborhood
of c containing a. Let O′ be the intersection of O with the connected open
chamber containing a, and let O′ be its closure in O. Let B be the set of
values in O′ −O′. Then
π1
(
φ−1(O′)/T̂
)
∼= π1
(
φ−1(O′)/T̂ − φ−1(B)/T̂
)
.
Proof. We inductively use Lemmas 7.2 and 7.3 to remove φ−1(B)/T̂ from
φ−1(O′)/T̂ . One may refer to the proof of Lemma 3.8 in [14]. 
Lemma 7.5. Let (M,ω) be a connected Hamiltonian T -manifold with proper
moment map φ. Let T̂ ⊂ T be a connected subgroup which contains the
identity component of each stabilizer group. Let c be a singular value, and
let a be a regular value very near c. Then π1
(
φ−1(c)/T̂
)
∼= π1
(
φ−1(a)/T̂
)
.
Proof. We take the O in Lemma 7.4 small enough so that φ−1(O) and
φ−1(O′) equivariantly deformation retracts to φ−1(c) (Theorem 2.2). So
π1
(
φ−1(O′)/T̂
)
∼= π1
(
φ−1(c)/T̂
)
.
Since
π1
(
φ−1(O′)/T̂ − φ−1(B)/T̂
)
∼= π1
(
φ−1(a)/T̂
)
,
the claim follows from Lemma 7.4. 
We need the following lemma when we do removing and deforming on the
space M/G to prove π1 (M/G) ∼= π1(Ma) for a particular value a.
Lemma 7.6. Let (M,ω) be a connected Hamiltonian T -manifold with proper
moment map φ. Let T̂ ⊂ T be a connected subgroup which contains the iden-
tity component of each stabilizer group. Let F be a singular face on im(φ).
Let O be a small open neighborhood of F on im(φ) (O does not intersect the
faces which are in the closure of F). Let S be the set of nonprincipal orbits
in φ−1(F). Then π1
(
φ−1(O)/T̂
)
∼= π1
(
φ−1(O)/T̂ − S/T̂
)
.
Proof. The argument is similar to the proof of Lemma 7.20 in [14] by using
Lemmas 7.2 and 7.3 (1). 
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Proof of Theorem 1.5 for G = T . Using Lemmas 7.1, 7.5 and 7.6, follow the
argument used in the proof of Theorem 1.6 in [14] for the case G = T . 
7.2. Proof of Theorem 1.5 for nonabelian G.
In this subsection, we prove Theorem 1.5 for nonabelian group actions.
In this case, the proof is more technical than the case when an abelian group
acts. We need to work in the symplectic cross sections and then work in M .
Similar to Lemma 7.2, Lemma 7.7 is the key observation which makes the
removing process work.
Lemma 7.7. Let (M,ω) be a connected Hamiltonian G-manifold with proper
moment map φ, where G is nonabelian. Let Ĝ ⊂ G be a connected subgroup
which contains the identity component of each stabilizer group. Let C be the
central face of t∗+, and assume that C ∩ im(φ) 6= ∅ and that C is not the
only face of t∗+ which intersects im(φ). For each orbit type M(H) such that
M(H) ∩ φ
−1(C) 6= ∅, let L′H be the link of
(
M(H) ∩ φ
−1(C)
)
/Ĝ in M/Ĝ,
and LH be the link of
(
M(H) ∩ φ
−1(C)
)
/G in M/G. Then L′H is connected
and simply connected whenever LH is; and in particular, L
′
H = LH when
H ⊆ Ĝ.
Proof. By the local normal form theorem (Theorem 2.3), a neighborhood
in M of an orbit O in φ−1(C) with stabilizer group (H) is isomorphic to
A = G×H (h
◦ × V ) = G×H (h
◦ ×W × V H), where h◦ is the annihilator of
h =Lie(H) in g∗ =Lie∗(G), V is a symplectic representation of H, V H is the
subspace of V fixed by H and W is such that V = W ⊕ V H . The moment
map φ on A is φ ([g, a, w, v]) = Ad∗(g) (φ(O) + a+ ψ(w)), where ψ is the
moment map of theH action onW . So A(H)∩φ
−1(C) = G×H (Rm×0×V H),
where Rm ⊂ h◦ is the subspace which is mapped to C and therefore on which
H acts trivially. Let Rl ⊂ h◦ be the subspace such that h◦ = Rl ⊕ Rm.
Then
(
A(H) ∩ φ
−1(C)
)
/G = Rm × 0× V H , and A/G = Rm × 0× V H ×
(Rl ×W )/H. So LH = S(Rl ×W )/H.
If H ⊆ Ĝ, then
(
A(H) ∩ φ
−1(C)
)
/Ĝ = G/Ĝ × Rm × V H , and A/Ĝ =
G/Ĝ× Rm × V H × (Rl ×W )/H. So L′H = S(R
l ×W )/H = LH .
If the identity component of H is contained in Ĝ, but H * Ĝ, then(
A(H) ∩ φ
−1(C)
)
/Ĝ = G/Ĝ×H (Rm×V H) = (Rm×V H)×G/Ĝ×H 0, and
A/Ĝ = G/Ĝ×H (Rm × V H × Rl ×W ) = (Rm × V H)×G/Ĝ×H (Rl ×W ).
So L′H = S(R
l ×W )/(H ∩ Ĝ).
The claim for the case H ⊆ Ĝ follows immediately. For the case H * Ĝ,
note that H ∩ Ĝ leaves out finitely many elements of H. If LH is connected
and simply connected, by the criteria of the proof, L′H is connected and
simply connected. We refer to our outline of proof of Lemma 7.8 below and
the proof of Lemma 6.19 in [14] for details. 
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In [14], we proved the one-connectedness of the link LH occuring in
Lemma 7.7. Here, in the outline of proof, we give the proof for one case.
We refer to the proof of Lemma 6.19 in [14] for details.
Lemma 7.8. The link LH in Lemma 7.7 is connected and simply connected.
Outline of proof. We saw in the proof of Lemma 7.7 that
LH = S(R
l ×W )/H.
If we split G = K × Tc, where K is semisimple and Tc is abelian, then
Rl ⊂ Lie∗(K) is a subspace on which H acts by the coadjoint action; and,
dim(Rl) ≥ 2 unless H = K × T1, where T1 ⊂ Tc is a subgroup, and in the
latter case, Rl = 0.
Let us only consider the case when H = K×T1. Then LH = S(W )/(K×
T1) in this case. Since im(φ) intersects other faces other than C, W is a
nontrivial K representation with real dimension at least 4. Hence S(W ) is
connected and simply connected. Let H0 = K × T 01 be the identity com-
ponent of H. Then S(W )/H0 is connected and simply connected. The
finite subgroup T1/T
0
1 acts on S(W )/H
0. Since T1/T
0
1 acts on S(W ) as a
subgroup of a torus, each element must fix a point in S(W )/H0. Hence,
by Theorem 2.7, LH =
(
S(W )/H0
)
/(T1/T
0
1 ) is connected and simply con-
nected. 
Using Lemmas 7.7 and 7.8, we can remove φ−1(C)/Ĝ from a quotient as
in Lemma 7.9, where C is the central face of t∗+.
Lemma 7.9. Let (M,ω) be a connected Hamiltonian G-manifold with proper
moment map φ, where G is nonabelian. Let Ĝ ⊂ G be a connected subgroup
which contains the identity component of each stabilizer group. Let C be the
central face of t∗+, and assume that C∩ im(φ) 6= ∅ and that C is not the only
face of t∗+ which intersects im(φ). Then
π1
(
M/Ĝ
)
∼= π1
(
M/Ĝ− φ−1(C)/Ĝ
)
.
Similarly, if O is a small open invariant neighborhood of C in g∗, then
π1
(
φ−1(O)/Ĝ
)
∼= π1
(
φ−1(O)/Ĝ − φ−1(C)/Ĝ
)
.
Proof. By Lemmas 7.7 and 7.8, for each possibleH, the link of
(
M(H) ∩ φ
−1(C)
)
/Ĝ
in M/Ĝ is connected and simply connected. Therefore, using Lemma 2.6,
we can inductively remove the strata of φ−1(C)/Ĝ from M/Ĝ or from
φ−1(O)/Ĝ. 
For any other removing, we need to work in a suitable cross section, and
use Lemmas 7.7 and 7.8 for a subgroup action. Then, using the equivariance
of φ, we do corresponding removing in the quotient of M or in the quotient
of an invariant subset of M . We will need Lemma 7.10.
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Lemma 7.10. Let (M,ω) be a connected Hamiltonian G-manifold with
proper moment map φ, where G is nonabelian. Let Ĝ ⊂ G be a connected
subgroup which contains the identity component of each stabilizer group.
(1) Let τ be a non-principal face of t∗+ such that τ ∩ im(φ) 6= ∅ and let
Rτ be the corresponding cross section. Then for each M(H)∩φ
−1(τ),
the link of
(
M(H) ∩ φ
−1(τ)
)
/(Gτ ∩ Ĝ) in R
τ/(Gτ ∩ Ĝ) is the same
as the link of
(
M(H) ∩ φ
−1(G · τ)
)
/Ĝ in
(
G · Rτ
)
/Ĝ.
(2) Let τP be the principal face and let RP be the principal cross section.
Let c ∈ τP be a singular value. Then for each M(H) ∩ φ
−1(c), the
link of
(
M(H) ∩ φ
−1(c)
)
/(T ∩ Ĝ) in RP/(T ∩ Ĝ) is the same as the
link of
(
M(H) ∩ φ
−1(G · c)
)
/Ĝ in
(
G ·RP
)
/Ĝ.
Proof. First note that, if a point with stabilizer group H is mapped to a
face τ , then since φ(g ·m) = Ad∗(g) · φ(m), H ⊂ Gτ .
(1) The manifold G ·Rτ is a fibration over the coadjoint orbit G/Gτ with
fiber Rτ ; and correspondingly, each M(H)∩ (G ·R
τ ) is a fibration over G/Gτ
with fiber M(H) ∩ R
τ , moreover, each M(H) ∩ φ
−1(G · τ) is a fibration over
G/Gτ with fiber M(H) ∩φ
−1(τ). The claim follows from the equivariance of
φ.
The proof of (2) is similar. 
Remark 7.11. Note that if τ ⊂ t∗+ is a face and Gτ is its stabilizer, the
subgroup Gτ ∩ Ĝ of Gτ is connected since Gτ and Ĝ are both connected.
Let us first consider the values of φ on the principal face. We obtain
Lemma 7.12.
Lemma 7.12. Let (M,ω) be a connected Hamiltonian G-manifold with
proper moment map φ, where G is nonabelian. Let Ĝ ⊂ G be a connected
subgroup which contains the identity component of each stabilizer group. Let
τP ⊂ t∗+ be the principal face. Then π1
(
φ−1(G · τP )/Ĝ
)
∼= π1
(
φ−1(G · a)/Ĝ
)
for all a ∈ τP .
Proof. First, consider the space φ−1(τP ) with the T action, where T is a
maximal torus of G. Similar to the proof of the theorem for abelian group
actions, by using removing and deforming in the space φ−1(τP )/(Ĝ∩T ), we
get
π1
(
φ−1(τP )/(Ĝ ∩ T )
)
∼= π1
(
φ−1(a)/(Ĝ ∩ T )
)
for some particular a ∈ τP . Then by Lemma 7.2 and Lemma 7.10 (2), we
can do corresponding removing and deforming in the space φ−1(G · τP )/Ĝ,
and we arrive at
π1
(
φ−1(G · τP )/Ĝ
)
∼= π1
(
φ−1(G · a)/Ĝ
)
for this particular a ∈ τP .
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For any two values a and b in the same connected chamber on τP ,
π1
(
φ−1(G · a)/Ĝ
)
∼= π1
(
φ−1(G · b)/Ĝ
)
since φ−1(G · a) and φ−1(G · b) are equivariantly diffeomorphic. Now, let
c ∈ τP be a value on a singular face. Take a value a ∈ τP in a connected open
face very close to c. Take O′ ⊂ τP as in Lemma 7.4. Using Lemma 7.10 (2)
again, we can do removing in φ−1(G ·O′)/Ĝ corresponding to the removing
in φ−1(O′)/(T ∩ Ĝ); and we arrive at
π1
(
φ−1(G · a)/Ĝ
)
∼= π1
(
φ−1(G · c)/Ĝ
)
.

Next, we consider a value c on a nonprincipal face and a nearby generic
value a on the principal face and prove Lemma 7.14. We first do the neces-
sary removing in Lemma 7.13.
Lemma 7.13. Let (M,ω) be a connected Hamiltonian G-manifold with
proper moment map φ, where G is nonabelian. Let Ĝ ⊂ G be a connected
subgroup which contains the identity component of each stabilizer group. Let
c ∈ τ be a value, where τ is a face of t∗+ such that τ 6= τ
P , and let a be a
generic value on τP very near c. Let O ⊂ g∗ be a small open invariant neigh-
borhood of c containing a. Let B be the set of values in O ∩ t∗+ other than
those on the open connected chamber of generic values on τP containing a.
Then
π1
(
φ−1(O)/Ĝ
)
∼= π1
(
φ−1(O)/Ĝ − φ−1(G ·B)/Ĝ
)
.
Proof. Consider the cross section Rτ where Gτ acts. Note that τ lies in the
central dual Lie algebra of Gτ . Using Lemmas 7.9 and 7.10, we have
π1
(
φ−1(O)/Ĝ
)
∼= π1
(
φ−1(O)/Ĝ − φ−1(G · τ)/Ĝ
)
.
For other non-principal faces τ ′’s, we use the cross section theorem and
Lemma 7.10 to inductively remove φ−1(G · τ ′)/Ĝ’s. If there are singular
faces on O ∩ τP , then we use Lemmas 7.2 and 7.10 to remove the rest
(deforming may also be needed). If further detail is prefered, one may refer
to the proof of Lemma 6.18 in [14]. 
Lemma 7.14. Let (M,ω) be a connected Hamiltonian G-manifold with
proper moment map φ, where G is nonabelian. Let Ĝ ⊂ G be a connected
subgroup which contains the identity component of each stabilizer group. Let
c ∈ τ be a value, where τ is a face of t∗+ such that τ 6= τ
P , and let a be a
generic value on τP very near c. Then π1
(
φ−1(G·c)/Ĝ
)
∼= π1
(
φ−1(G·a)/Ĝ
)
.
Proof. In Lemma 7.13, we take O small enough such that φ−1(O) equivari-
antly deformation retracts to φ−1(G · c). Then
π1
(
φ−1(O)/Ĝ
)
∼= π1
(
φ−1(G · c)/Ĝ
)
.
20 HUI LI
Since
π1
(
φ−1(O)/Ĝ − φ−1(G · B)/Ĝ
)
∼= π1
(
φ−1(G · a)/Ĝ
)
,
the claim follows from Lemma 7.13. 
Proof of Theorem 1.5 for nonabelian G. We use Lemma 7.9, the cross sec-
tion theorem and Lemma 7.10 to inductively remove φ−1(G · τ)/Ĝ from
M/Ĝ for the faces τ ’s other than the principal face τP which contain val-
ues of φ. Assume we have now π1(M/Ĝ) ∼= π1
(
φ−1(G · τP )/Ĝ
)
. Then by
Lemma 7.12, π1
(
φ−1(G · τP )/Ĝ
)
∼= π1
(
φ−1(G · a)/Ĝ
)
for a ∈ τP . The claim
that the π1
(
φ−1(G · a)/Ĝ
)
’s are isomorphic for all a ∈ im(φ) follows from
Lemma 7.14. 
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